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H_ Norm of a System

H_ Norm of a stable system G is defined as:

|G|, =supoi(G(jw))

weR

=H_ Norm is a robustness measure of the system

= Therefore, H _Norm computation and H_ Norm optimization
are widely used in Robust Control



Problem Definition
Compute H_ Norm of a stable time-delay system G:

- —1
G(s)=C <s[ — Ap — ZAZ-e”S> B+ D

=1

* Delays are positive, matrices with appropriate dimensions



D

H_ Norm computation: Finite Dimensional Case

[Byers'88] Singular values of G and eigenvalues of the
Hamiltonian matrix H of G have the relation:

O'i(G(ij) = ¢ — det(jwof — Hg) =0



Example:
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The Connection for Time-Delay Systems
[Thm 2.1] Let {> 0 be such that the matrix D¢ := DD — 521

IS non-singular. Singular values of G and eigenvalues of the
Hamiltonian-like operator L, of G have the relation:

0;(G(jwo) =& <= Leu = jwo u



Tthe Connection for Time-Delay Systems

where L, on X := C([—Tmax, Tmax), C*") is defined by
D(Le) ={p € X : qb’eX

¢'(0) = Mog(0 Z —73) + M_;d(7:)) },

Lep=¢, </5 € D(Le)
with
v _ | Ao—BDg 'DTC —BD; BT
o §2CTD 'c  -Af+C"DD;'BT |

A 0 0 0
. — ¢ . — < 0 < .
M, {0 O],M_z {0 _A?},l_z_N



Tthe Connection for Time-Delay Systems

[Corollary]

|G|, =sup{€ € Ry : operator L¢ has an eigenvalue

on the imaginary axis}
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Tthe Connection for Time-Delay Systems

roperties of Lz

* infinite dimensional linear operator
= has infinitely many eigenvalues, finite on imaginary axis
= eigenvalues are symmetric with respect to imaginary axis

= eigenvalues of the discretized linear operator can be used as
an approximate result

|G| .. ~ sup{€ € Ry : matrix Eév has an eigenvalue
on the imaginary axis}
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Main Ildea in a nutshell

Prediction step
Calculate the approximate H_ norm as

|G| = sup{& € Ry : matrix [,év has an eigenvalue
on the imaginary axis}

correct the approximate results from the prediction step



Discretizing the Linear Operator L,
Replace the continuous space X with the space X of discrete

functions T—N
X = C([_Tmaxa Tmax]a CZn)

—Tmax < ON N <...<0Ono=0<:--<On N < Tmax

LN

Z; :¢(9N,i) €C2n, t1=—-N,...,N

Let P x, x in X be the unique C*"valued interpolating
polynomial of degree less than or equal to 2N satisfying

PN:B(ON,,,;) — Xy, 7= —N, o .,N
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Discretizing the Linear Operator IL"

The operator L, over X can be approximated with the matrix

LEN: Xy =X,

([,év :1:)_: (Pnz) (Ons), i=—-N,...,—1,

(ﬁév :C) = MyPnx(0) + Z?;l(MﬂDNLU(—Ti) + M_;Pnx(T;))
(Eév zr:)_: (Pnz) (Ons), i=1,...,N.

D(Le)={peX: ¢ €X, ¢(0)=Myp(0) + Z(Mmb(—n) + M_ip(:))},

1

Led =9, ¢ € D(Le)
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Discretizing the Linear Operator L.."

Using Lagrange represenation of P x: Pyz = Z,QV:_ N INE Tk,

d_N,_N d—N,N
d_i1_nN d_1.N
Eév I an c R@N+TD(@n)x(2N+1)2n.
di —N di N
. dn,—N dn N
dz’,k = l?v,k(ON,i)I; for i,k € {—N,. NS D .,N}, 1 75 0

Led =9, ¢ € D(Le)

These entries can be calculated beforehand.
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Discretizing the Linear Operator "

d_1,—nN d_1,N
Eév — | an e RN+ (@n)x (2N +1)2n
di_N di N
| dN,—N dn N
ag = My lN’o(O) + Zzlzl (MklN,k(—Tk) -+ M_klN’k(Tk))

QA

S (Milyi(—76) + M_ply e(m)), k€ {=N,...,N}, k0.

m

D(Le)={p€X: ¢ € X, ¢(0) = Mogp(0) + Y (Mip(—7;) + M_; (7))},

=1
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Discretizing the Linear Operator L.."

= The eigenvalue problem for L. can be written as a sparse
generalized eigenvalue problem (large-scale methods)

= [Prop 2.1] symmetric eigenvalues with respect to the imaginary
axis if
On_—i=—0n4, 1=1,..., N,
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Discretizing the Linear Operator LEN

= \We are interested in the imaginary axis eigenvalues of L,
typically among the smallest eigenvalues)

O'r,;(G(jwo) = § — det(jwof — Lg) =0

= A small value of N is sufficient in most practical problems for
computing a good approximation of the H_-norm for correction

step
O'f,;(G(ij) :{f A det(j&\)of — Lév) =0
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Correcting the H_ Norm

We want to correct the approximate results from prediction step.
Before that:

[Thm 4.1] Let Z> 0 be such that the matrix D¢ := D' D — £°]

is non-singular. A is an eigenvalue of L, if and only if

he(A) := det He (M) = 0
where

He(N\) := A — Mo — Y0 (Mie™ T + M_;eM™)

0;(G(jwp) =& <= Leu = jwou <= det He(jwo)
Thm 2.1 Thm 4.1
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Correcting the H_, Norm

The Maximum Singular Value Plot of GN
BS[

If |G(jw)|n. =& = 01(G(D))

2.b8F

then (&, €) satisfies

61(GN)

he(jw) = 0, hi(jw) =0

45¢

¢ =6.26 and 6.42

Eigenvalues of Hamiltonian matrix Hr; Eigenvalues of Hamiltonian matrix HEJ
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Correcting the H_ Norm

Since he(jw) =0, he(jw) =0

Using the properties of h(jw),

u,

H(jw, &) [ ; =0, n(u,v)=0
R {’U* (I + Zle Aﬂie_j‘*’”) u} =0

= Overdetermined system (4n+3 equations, 4n+2 unknowns)
= [t can be solved least-square sense via optimization
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Main Ildea in a nutshell

Prediction step
Calculate the approximate H_ norm as

|G| =~ sup{€ € Ry : matrix [,év has an eigenvalue
on the imaginary axis}

correct the approximate results from the prediction step



Main Ildea in a nutshell

Prediction step
For fixed N, determine

sup{£ € Ry : matrix Eév has an eigenvalue on the imaginary axis}

and determine the corresponding eigenvalues on the imaginary axis

Correct the results by solving the equations

)
| HGo o] ] =0. ntwn =0
| {v* (I + Zle Ai'rz-e_jmi) u} =0



Interpretating the Discretization of L,

O'Z'(G(j(.U()) :§ w2 det(j(jjof — Lév) =0

O'Z(?) =§ — det(j(:)of — Lév) =0
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Interpretating the Discretization of L™

[Thm 5.1] Assume that —Tmax S HN,—N <...< HN,O =—0<--- < HN,N S Tmax
is symmetric. Let p, be the polynomial of the degree 2N+1

satisfying the conditions,

pn(0; A) = 1,

(@i N) = My N), i=—-N,...,—1,1,..., N.
Let ¢> 0 be such that the matrix D, := D' D — £°1 is
nonsingular. The matrix L has an imaginary axis eigenvalue if
and only if G, (jw) has a smgular value equal to & where

. —1
GN(jw) =C (gw[ — Ag — ZAipN(_Ti; jw)) B+ D.

=1
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0i(Gn(jwo) = & < det(jwol — L) =0

= It guarantees that L " has imaginary axis eigenvalues for
§ € (D), [[Gr(jw)|ln..]

= No imaginary axis eigenvalues of L for
§ > |G (jw)[Ir

* Thus the supremum exists

sup{£ € R, : matrix Eév has an eigenvalue on the imaginary axis}

26
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&i4+E€n
2

— =& <2tol? —1» |G ||H

* The Maximum Singular Value Plot of GN
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— & —§<2tol? — 3 ||GN]|n. = émgsh
* Eigenvalues of Hamiltonian matrix H[.;I
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* The Maximum Singular Value Plot of GN
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> || G|l = S5

The Maximum Singular VValue Plot of GN
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* The Maximum Singular Value Plot of GN
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SAlEREINERE_Norm Computation for TDS — Correction Step

= Determine all eigenvalues {jo',... jo®} of L on the positive
imaginary axis, and the corresponding eigenvectors {x®,...,x®}

*For all i=1,...,p solve

y

<H(jw,§)[?}’ =0, n(u,v)=0

S {or (T+ >0 Ame 9T ) ub =0

where

:j/ ] :x(()%), W :w(i)a €:£l~
- (6D 50 50 £6)

denote the solution with

=Set [|G(jw)||n.. = maxi<i<, D).
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§1 = max {01(G(0)), 01(D), tol, 01 (G (jw:)) }

r

¢ = &(1+2 tol)

y > |Gl = 5
{A} = eig(Lg)
* The Maximum Singular Value Plot of G,

— {jw®@}e{A}r? —|

v

p = V@ E+D)
01 (GN (Jﬂ(z) ))

& := max; all (Gn(ju?))

frequency
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& = max {o1(G(0)),01(D),tol,01(Gn(jw:))}

r

§ = &(1+2 tol)

Y

{A} =eig(L¢)

\
- (w9} e {3} —|

v

o1(Gn(ju))

& := max; all (Gn(ju?))

B.5
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& = max {o1(G(0)),01(D),tol,01(Gn(jw:))}

r

§:=&(1+2 tol)

Y

{A} =eig(L¢)

\
- (w9} e (A} ? —|

v

o1(Gn(ju))

& := max; all (Gn(ju?))

B.5

4.5

The Maximum Singular VValue Plot of GN

£=5.0364

frequency

41



cendMAlaertamter H Nerm Computation for TDS — Prediction Step
& = max {o1(G(0)),01(D),tol,01(Gn(jw:))}

r

¢ = &(1+ 2 tol)

2

y > |Gl = 5
{A} = eig(Lg)
* The Maximum Singular Value Plot of G,
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cendMAlaertamter H Nerm Computation for TDS — Prediction Step
& = max {o1(G(0)),01(D),tol,01(Gn(jw:))}

r

¢ = &(1+ 2 tol)
} > |G .. = S

{A} =eig(L¢)

* The Maximum Singular Value Plot of G,
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cendMAlaertamter H Nerm Computation for TDS — Prediction Step
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cendMAlaertamter H Nerm Computation for TDS — Prediction Step
& = max {o1(G(0)),01(D),tol,01(Gn(jw:))}
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& = max {o1(G(0)),01(D),tol,01(Gn(jw:))}
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SECOREMAIgEREmNeRL. Norm Computation for TDS — Prediction Step
& :=max {01(G(0)),01(D),tol,01(Gn(jw:))}

r

¢ = &(1+ 2 tol)

y > Gl = S
{A} = eig(Lg)
* The Maximum Singular Value Plot of G
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SECOREMAIgEREAmNeRHL Norm Computation for TDS — Correction Step

* The prediction step is quadratically convergent.

= The correction step is same as in the first algorithm.
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Remarks

= Computation of G is needed only for specific frequencies and

requires solving generalized eigenvalue problem with matrix
size 2N+1

= The numerical method for computing H_ norm can be used for
computing L_ norm of the time-delay system without any
modification.
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Remarks
= The definition of G interprets: pn(t,A) = e** for ¢ € [~Timax, Tmax]

= —1
Gy(jw)=C (jw[ — Ag — ZAz'pN(—Tz'; jw)) B+ D
=1
= Note that the use of the well-known Pade approximation for the
time- delay will cause numerically bad-scaled matrix in L* due to
the different magnitudes in the Pade coefficients.

= The Pade approximation depends on the time-delay and for
multiple delays, each delay is approximated separately which will
increase the LcN dimension considerably. However, the term

p,(t,A) approximates multiple delays with a single term.
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Example
* The time-delay system G has dimensions:

7 —1
G(S) — C4><10 (S[ . A(1)0><10 . ZA%Oxloens) Ble2 + D4><2

1=1
and delays
1 =01m=0217=03 7=04 17 =05 7% =06, 77 =0.8.
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Example

The Maximum Singular VValue Plots of G(j«) and GN(im)
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After Prediction Step

The Maximum Singular VValue Plots of G(j«) and GN(im)

B.5
|| 60436 — G(jo)
g o || —Gylio)
S i
Sool || | °
> :
7 i
£ sl |
E i
x i
ey - oM=5.1660
| ©?=5.1666
ijIZI 5' 1:] 1:5 2:] 2:5
frequency

53



After Correction Step

The Maximum Singular VValue Plots of G(j«) and GN(im)
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Concluding Remarks
* The connection between the singular values of time-delay
systems and the eigenvalues of infinite dimensional operator L,

is established
= A numerically stable method to compute H_ norm of time-delay

system with arbitrary number of delays is given:
— H,, norm prediction by discretization of the L "

— H_ norm correction using the equations based on

nonlinear eigenvalue problem

* The algorithms are easily extendable to the systems with
distributed delays
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